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We denote by ex(n; {C3, C4, . . . , Cs}) or fs(n) the maximum number of edges in a graph of
order n and girth at least s + 1. First we give a method to transform an n-vertex graph
of girth g into a graph of girth at least g − 1 on fewer vertices. For an infinite sequence of
values of n and s ∈ {4, 6, 10} the obtained graphs are denser than the known constructions
of graphs of the same girth s + 1. We also give another different construction of dense
graphs for an infinite sequence of values of n and s ∈ {7, 11}. These two methods improve
the known lower bounds on fs(n) for s ∈ {4, 6, 7, 10, 11} which were obtained using
different algorithms. Finally, to know how good are our results, we have proved that
lim supn→∞
fs(n)
n
1+ 2s−1
= 2−1− 2s−1 for s ∈ {5, 7, 11}, and s−1− 2s ≤ lim supn→∞ fs(n)
n1+ 2s
≤ 0.5
for s ∈ {6, 10}.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise
stated, we follow [12] for terminology and definitions.
Let G be a graph with vertex set V = V (G) and edge set E = E(G). For u, v ∈ V , d(u, v) = dG(u, v) denotes the distance
between u and v; that is, the length of a shortest (u, v)-path. For u ∈ V and S ⊂ V , d(u, S) = dG(u, S) = min{d(u, s) : s ∈ S}
denotes the distance between u and S. For every S ⊂ V and every integer r ≥ 0, Nr(S) = {w ∈ V : d(w, S) = r} denotes
the neighborhood of S at distance r . When S is a single vertex u or an edge uv we write Nr(u) or Nr(uv) instead of Nr({u})
or Nr({u, v}). Also when r = 0, N0(S) = S for every subset S of vertices, and when r = 1 we write N(v), N(uv) and N(S)
instead of N1(v), N1(uv) and N1(S). The degree of a vertex v is d(v) = |N(v)|, whereas δ = δ(G) is theminimum degree over
all vertices of G. The diameter, diam(G), is the maximum distance over all pairs of vertices in G and the length of a shortest
cycle in a graph G is called the girth of G and is denoted by g = g(G).
For any integer s ≥ 3, let Cs denote the cycle of length s. This paper deals with the maximum number of edges
in a simple graph of order n and girth g ≥ s + 1, denoted by ex(n; {C3, C4, . . . , Cs}), or also by fs(n) in [1,16]. We
refer to fs(n) as the extremal function. By EX(n; {C3, C4, . . . , Cs}) we denote the set of all extremal graphs of order n, size
ex(n; {C3, C4, . . . , Cs}) = fs(n) and girth g ≥ s+ 1.
In 1975, Erdös [14] mentioned the problem of determining the values of ex(n; {C3, C4}), the maximum number of edges
in a graph of order n with girth at least 5. He also conjectured that ex(n; {C3, C4}) = (1/2 + o(1))3/2n3/2. Until now, the
current best known result [16,17] regarding this problem is
1
2
√
2
≤ lim sup
n→∞
ex(n; {C3, C4})
n3/2
≤ 1
2
. (1)
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A result proved implicitly by Erdös [21] gives the lower bound ex(n; {C3, C4, . . . , Cs}) ≥ csn1+1/(s−1) for some positive
constant cs. Lazebnik et al. [20] improved this lower bound constructing a family of graphs which shows, that for an infinite
sequence of values of n, the extremal number is lower bounded as ex(n; {C3, C4, . . . , C2t+1}) ≥ dtn1+2/(3t−3+), where  = 0
if t ≥ 3 is odd and  = 1 if t ≥ 2 is even. To our knowledge, this is the best asymptotic lower bound for the greatest number
of edges in graphs of order n and girth g ≥ 5, g 6∈ {11, 12}. For t = 5 a better bound is given by the regular generalized
hexagon.
Let us recall that an (r; g)-cage is an r-regular graph of girth g with the fewest possible number of vertices. Its order is
denoted by n(r; g). Simply counting the number of vertices in the distance partition with respect to a vertex or an edge a
lower bound n0(r; g) on the number of vertices in a cage is found, with the precise form of this bound depending onwhether
g is even or odd.
n(r; g) ≥ n0(r; g) =
{
1+ r + r(r − 1)+ · · · + r(r − 1)(g−3)/2 if g is odd;
2(1+ (r − 1)+ · · · + (r − 1)g/2−1) if g is even. (2)
An (r; g)-cage with n0(r; g) vertices is called aminimal cage. Due to the results of Hoffman and Singleton [18], Damerell [13]
and Bannai and Ito [7] on the existence of Moore graphs, we know that minimal (r; g)-cages for odd girth exist when g is
equal to 5 and r is equal to 2, 3, 5, or possibly 57. The complete bipartite graphs Kr,r are minimal cages for g = 4, and the
results of Feit and Higman [15] on generalized polygons prove that minimal (r; g)-cages for even girth exist only when g is
equal to 6, 8 or 12. These graphs have been constructed when r = q+ 1 being q a prime power [8,9,11].
Alon, Hoory and Linial extended in [3] the inequality (2) to irregular graphs, proving that the order of any graph G with
girth g and average degree d verifies
|V (G)| ≥ n0(d; g). (3)
It means that a lower bound on the order of any graph G can be obtained simply by replacing r for its average degree d in
(2). Using this result it was shown in [2] that minimal cages are extremal graphs.
Corollary 1 ([2]). Every minimal (r; g)-cage with n0(r; g) vertices belongs to the extremal family EX(n0(r; g); {C3, C4, . . . ,
Cg−1}). Thus, for every r ≥ 3 and g ∈ {6, 8, 12} such that there exists an (r; g)-minimal cage, the equality fg−1(n0(r; g)) =
rn0(r; g)/2 holds.
In general, it is believed that the degrees of the graphs in every family EX(n; {C3, C4, . . . , Cs}) are evenly distributed [24].
This observation relates the problem of constructing extremal graphs of any family EX(n; {C3, C4, . . . , Cs}) to the problem
of constructing cages. However, these two classes of graphs are not the same. For example, the (5, 5)-cages have order 30
and size 75, while the known extremal graph in EX(30; {C3, C4}) has 76 edges, being {44, 520, 66} its degree sequence [24].
1.1. A summary of our main results
In this paper first we give a method to transform an n-vertex graph of girth g into a graph of girth at least g − 1 on fewer
vertices. As a direct consequence of these constructions we derive the following theorem.
Theorem 1. Let G be an r-regular graph, r ≥ 3, on n vertices with girth g ≥ 6, and k an integer such that 0 ≤ k ≤ dg/4e − 1.
Then
(i) fg−2
(
n− 1− r∑k−1i=0 (r − 1)i) ≥ rn2 − r∑ki=0(r − 1)i + r(r − 1)k−1fg−2(r − 1);
(ii) fg−2
(
n− 2∑ki=0(r − 1)i) ≥ rn2 − 2∑k+1i=0 (r − 1)i + 2(r − 1)kfg−2(r − 1), if g ≥ 7.
For g = 6, 8, 12 and q a prime power (q+1; g)-cages belong to the extremal family EX(n0(q+1; g); {C3, C4, . . . , Cg−1})
by Corollary 1. From Theorem 1, taking as G a minimal (q+ 1; g)-cage, it follows the following theorem.
Theorem 2. Let q ≥ 2 be a prime power. Then
(i) f4(2q2 + q) ≥ q2(q+ 1)+ (q+ 1)f4(q);
(ii) f6(2q3 + 2q2 + q) ≥ q2(q+ 1)2 + (q+ 1)f6(q);
(iii) f6(2(q3 + q2)) ≥ q4 + 2q3 + 2qf6(q);
(iv) f10(2q5 + 2q4 + 2q3 + 2q2 + q) ≥ q2(q+ 1)2(q2 + 1)+ (q+ 1)f10(q);
(v) f10(2(q5 + q4 + q3 + q2)) ≥ q3(q3 + 2q2 + 2q+ 2)+ 2qf10(q);
(vi) f10(2q5 + 2q4 + 2q3 + q2) ≥ q3(q+ 1)(q2 + q+ 1)+ q(q+ 1)f10(q);
(vii) f10(2(q5 + q4 + q3)) ≥ q6 + 2q5 + 2q4 + 2q2f10(q).
We also give other different construction of dense graphs for an infinite sequence of values of n and s ∈ {7, 11} obtaining
the following two results.
Theorem 3. Let q ≥ 2 be a prime power and n0(q+ 1; 8) the order of a minimal (q+ 1; 8)-cage. Then f7(n0(q+ 1; 8)+ q2 +
q+ 3) ≥ f7(n0(q+ 1; 8))+ 2(q2 + q+ 1)+ 1.
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Fig. 1. When G is the Heawood graph, the graph H1x (G) is the Petersen graph.
Theorem 4. Let q be an odd prime power different from 5 and 7 and let n0(q+1; 12) denote the order of a minimal (q+1; 12)-
cage. Then the inequality f11(n0(q+ 1; 12)+ 2q3 + 2q+ 5) ≥ f11(n0(q+ 1; 12))+ 3q3 + 3q+ 5 holds.
These two above methods improve known lower bounds on fs(n) for s ∈ {4, 6, 7, 10, 11} which were obtained using
different algorithms [16,22,24].
Maybe the asymptotic is the major open problem in the construction of dense graphs with large girth. Moreover,
asymptotic results are the better way to obtain an idea over how good are the results obtained in the above Theorems 2–4.
In the following result, from (3) we derive for s ∈ {6, 10} similar inequalities as for s = 4 (see (1)), and when s ∈ {5, 7, 11}
a more accurate result can even be established.
Theorem 5.
(i) lim sup
n→∞
ex(n; {C3, C4, . . . , Cs})
n1+
2
s−1
= 1
21+
2
s−1
for s ∈ {5, 7, 11};
(ii)
1
21+
2
s
≤ lim sup
n→∞
ex(n; {C3, C4, . . . , Cs})
n1+
2
s
≤ 1
2
for s ∈ {6, 10}.
2. General lower bounds on fs(n)
Next we give a method to construct new graphs H with girth g(H) ≥ s ≥ 5 and large size using a graph G with girth
g(G) ≥ s+ 1 of size as large as possible. In order to reach it, first some vertices in G are deleted and after that, all the edges
of other extremal graphs of girth at least s are added between the neighbors of the deleted vertices. This idea was inspired
by the excision method used by Biggs to obtain cubic cages, see [10]. These new graphs will allow us to find lower bounds on
the extremal function for the cases s ∈ {4, 6, 10}.
Let G be a graph without leaves and denote by X a vertex or an edge of G. Clearly, diam(X) = 0 if X is a vertex and
diam(X) = 1 if X is an edge. Suppose that the girth g of G satisfies that g ≥ 6 + diam(X) and let k be an integer such that
0 ≤ k ≤ dg/4e − 1. Let T kX be the subgraph spanned by the vertices within distance k from X . As the diameter diam(T kX ) =
2k+ diam(X) ≤ dg/2e− 1, T kX is a tree and therefore |E(T kX )| = |V (T kX )| − 1. Note that the number of leaves of T kX is |Nk(X)|.
For every t ∈ Nk(X) the set N(t) \ V (T kX ) is independent and has cardinality δ(t)− 1, and the sets N(t) \ V (T kX ) are mutually
pairwise disjoint. The graph G− V (T kX ) has order |V (G)| − |V (T kX )|, size |E(G)| − |E(T kX )| − |Nk+1(X)| = |E(G)| − |E(T k+1X )|
and girth at least g .
Definition 1. Let G be a graphwithout leaves and denote by X a vertex or an edge of G. Suppose that the girth g of G satisfies
that g ≥ 6+diam(X) and let k be an integer such that 0 ≤ k ≤ dg/4e−1. For every t ∈ Nk(X), let Gt be a graph isomorphic
to an extremal graph of EX(|V (Gt)|; {C3, C4, . . . , Cg−2}) and such that V (Gt) = N(t)\V (T kX ). We define a new graph, denoted
by HkX (G), through its vertex set V (H
k
X (G)) = V (G) \ V (T kX ) and its edge set E(HkX (G)) = E(G− V (T kX ))
⋃
t∈Nk(X){E(Gt)}.
To illustrate Definition 1we show on the left side of Fig. 1 the spanning tree of the Heawood graph (the (3; 6)-cage) on 14
vertices. In this drawing we use the same notation as in [19] to label the vertices of the last level. The edges in this level are
omitted but the rule for incidence should be clear, that is, a vertex labelled i, jmeans that it is adjacent to vertices labelled
i and j. In this example, first a vertex x and all its neighbors are removed. They are indicated inside a box and let us notice
that the subgraph spanned by these vertices is the tree T 1x . After that, the edges of a path of length 1 between the resulting
vertices of degree 2 are added, that is the graph Gt of Definition 1 is an edge. The obtainedH1x (G) graph is the Petersen graph,
see the drawing on the right side of Fig. 1.
Fig. 2 depicts the spanning tree of the (3; 8)-cage. The eliminated vertices forming the tree T 1xy are inside a box. The graph
H1xy(G) is obtained from this cage by deleting the indicated vertices and adding new edges. In this example, the obtained
H1xy(G) is the (3; 7)-cage on 24 vertices.
It is clear that there may exist more than one graph Hkx (G) or H
k
xy(G) because the extremal graphs Gt are not necessarily
unique. The most interesting property of Hkx (G) and H
k
xy(G) is that they have girth at least g(G) − 1, as it is proved in the
following proposition.
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Fig. 2. The H1xy(G) graph is the (3; 7)-cage when G is the (3; 8)-cage.
Proposition 1. Let G be a graph with girth g ≥ 6 and let k be an integer such that 0 ≤ k ≤ dg/4e − 1. The following assertions
hold:
(i) for every vertex x of G, the girth of Hkx (G) is at least g − 1;
(ii) for any edge xy of G, the girth of Hkxy(G) is at least g − 1 if g ≥ 7.
Proof. (i) For every z ∈ Nk(x) let N(z)∩ V (Hkx (G)) = {z1, z2, . . . , zδ(z)−1}. Let C be a cycle of Hkx (G). If C has only edges from
G, then the length of C is at least g . If C contains one or more new edges connecting only vertices of N(z) ∩ V (Hkx (G)), then
its length is at least g−1 as the new edges ofHkx (G) join vertices zj and zl at distance at least g−2 in G− z. So suppose that C
contains at least two new edges, say zjzl and usur , with z 6= u, u, z ∈ Nk(x). As dG(zj, us) ≤ diam(T kx )+2 = 2k+2 ≤ 2dg/4e,
then dG−V (Tkx )(zj, us) ≥ g − dg/2e = bg/2c; and analogously dG−V (Tkx )(zl, ur) ≥ bg/2c. Then the length of C is at least
2bg/2c + 2 ≥ g + 1, and thus item (i) is valid.
The proof of (ii) is analogous, so it is omitted. 
Using Proposition 1, we can derive some new lower bounds on the extremal function ex(n; {C3, C4, . . . , Cs}) = fs(n)
directly from the constructions introduced above.
Theorem 6. Let G be a graph on n vertices and denote by X a vertex or an edge of G. Suppose that the girth g of G satisfies
g ≥ 6+ diam(X) and let k be an integer such that 0 ≤ k ≤ dg/4e − 1. Let HkX (G) be the graph described in Definition 1. Then
|V (HkX (G))| = n− |V (T kX )| and
fg−2(|V (HkX (G))|) ≥ |E(HkX (G))| = |E(G)| − |E(T k+1X )| +
∑
t∈Nk(X)
fg−2(δ(t)− 1).
Proof of Theorem 1. The results of this theorem are obtained by writing the lower bounds on the extremal function given
in Theorem 6 when G is an r-regular graph. 
3. Some bounds on fs(n) for s ∈ {4, 6, 10}
Remark 1. (a) The lower bounds given in point (i) of Theorem 2 for q = 2 and 3 are the exact values f4(10) = 15 and
f4(21) = 44 respectively (see [24]). For q = 2 the lower bounds given in (ii) and in (iii) of Theorem 2 provide the exact
values f6(26) = 39 and f6(24) = 36 (see [1]).
(b) Frompoint (i) of Theorem2, it follows for q = 7, 8, 9, that f4(105) ≥ 456, f4(136) ≥ 666 and f4(171) ≥ 930 respectively.
These three bounds improve the known values f4(105) ≥ 452, f4(136) ≥ 651 and f4(171) ≥ 901 contained in [16,24]
(see Table 2).
The authors of [16,17,24] provide exact values of f4(n) up to n = 30 and lower bounds whenever n ≤ 200. For obtaining
the results included in these papers the authors develop and implement algorithms combining hill-climbing, backtracking
and simulated annealing techniques, that attempt to construct graphs without triangles or quadrilaterals and with the
maximum number of edges. Also exact values of f6(n) for n ≤ 28 and bounds for 29 ≤ n ≤ 39 are included in [1,22].
Next, we obtain better lower bounds for other values of n and s ∈ {4, 6, 10}.
Corollary 2. Let q ≥ 3 be a prime power. Then
(i) For q = 8, 9, 11, f4(2q2 + q − h) ≥ q2(q + 1) + (q + 1)f4(q) − hq + , where  = −h for h = 1, 2, and  = −2 for
h = 3, . . . , q+ 1.
(ii) For q ≥ 13, f4(2q2 + q− h) ≥ q2(q+ 1)+ (q+ 1)f4(q)− h(q+ 1) for all h = 1, . . . , q2.
(iii) f6(2(q3 + q2)− h) ≥ q4 + 2q3 + 2qf6(q)− h(q+ 1), for all h = 1, . . . , q3.
(iv) f10(2(q5 + q4 + q3)− h) ≥ q6 + 2q5 + 2q4 + 2q2f10(q)− h(q+ 1), for all h = 1, . . . , q5.
Proof. (i) For q = 8, 9, 11 the graphs H1x ((q + 1; 6)-cage) have girth 5, order 2q2 + q and size q2(q + 1) + (q + 1)f4(q),
where f4(8) = 10, f4(9) = 12, and f4(11) = 16, respectively. Moreover note that to construct the graphsH1x ((q+1; 6)-cage)
we use as Gt the extremal graphs on n = 8, 9, 11 vertices and girth 5 which are unique and have a vertex of degree 2. This
implies that each H1x ((q + 1; 6)-cage) has a vertex u of degree d(u) = q + 2 which has q neighbors z ∈ N(u) of degree
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Table 1
Known lower bounds on f4(n) selected from the tables appearing in [16,24].
n 0 1 2 3 4 5 6 7 8 9
100 422 428 434 440 446 452 458 464 470 476
110 483 489 495 501 508 514 520 526 532 538
120 544 551 558 565 571 578 584 590 596 603
130 610 617 623 630 637 644 651 658 665 672
140 679 686 693 700 707 714 721 728 735 742
150 749 756 763 770 777 784 791 798 805 812
160 819 826 834 841 849 856 863 871 878 886
170 893 901 909 917 925 933 941
Table 2
Improved lower bounds on f4(n).
n 0 1 2 3 4 5 6 7 8 9
100 448 456
110
120 592 600 608
130 616 624 632 640 648 657 666 669 672 675
140
150 792 801 810 819
160 828 838 847 856 865 874 883 892 901 910
170 920 930 932 935 938 941 944
d(z) = q+ 1. Then, first we delete a vertex z ∈ N(u) such that d(z) = q+ 1, after that, we remove the vertex u, and finally
the remaining q − 1 vertices of N(u) − z which at this point have degree q. In this way we obtain graphs which attain the
lower bound of the corollary.
(ii) Let us consider the graph H1x ((q + 1; 6)-cage) and observe that this graph has minimum degree q + 1 and it has at
least q2 vertices of degree q+ 1. Hence removing one by one a vertex of degree q+ 1 the result follows.
(iii) and (iv) The argument is similar to that used to prove item (ii) but now considering the graphs H1xy((q+ 1; 8)-cage)
and H2xy((q+ 1; 12)-cage) respectively. 
Points (iii) and (iv) of Corollary 2 might be improved if we delete the vertices of minimum degree on certain subgraphs
contained in H1xy((q+ 1; g)-cage) for g = 8, 12. In the following remark we do that for small values of q.
Remark 2. (a) In the graphs H1x ((9; 6)-cage), H1x ((10; 6)-cage) we find a maximum set S of vertices mutually at distance
the diameter (which is equal to three). After that, an additional vertex is added and joined to each vertex of S by an edge.
Proceeding in this way, graphs of order n ∈ {137, 138, 139}∪{172, 173, 174, 175, 176} and girth 5 are obtained, whose
sizes are included in Table 2. All these results and the improvements achieved in Corollary 2 are displayed in Table 2
which can be compared with the lower bounds on f4(n) given in [16,24] which are shown in Table 1.
(b) The graphs H1xy((4; 8)-cage), H1xy((5; 8)-cage) and H1xy((6; 8)-cage) have girth 7, orders 72, 160 and 300 and sizes 147,
408 and 915, respectively. For each order n ∈ {53, 54, . . . , 71} ∪ {93, 94, . . . , 159} ∪ {194, 195, . . . , 299}we construct
iteratively a new graph on order n and girth 7 removing a vertex of minimum degree from the known graph of order
n + 1 and girth 7. For each n ∈ {40, 41, . . . , 52} ∪ {73, 74, . . . , 92} ∪ {161, 162, . . . , 193} first we have found in the
known graph of order n− 1 and girth 7 a maximal set of vertices S mutually at distance the diameter, and then we have
joined a new vertex to each vertex of S by an edge. We present these results in Table 3. We also include in this table the
known exact values of f6(n) for orders n ≤ 28, and the lower bounds for 29 ≤ n ≤ 49 which are both determined in [1].
To emphasize we present the exact values in bold face.
As an immediate consequence of the lower bounds that we have just obtained, we can answer (negatively) the question
asked in [6] about the extremality for s = g − 2 of some minimal cages of girth g . In Theorem 2.6 of [5] it was proved that
for n ≥ 16 and n 6∈ {30, 80, 170} every graph in EX(n; {C3, C4, C5, C6}) has girth 7. After this result, it remained still open
the determination of such girth when n ∈ {30, 80, 170}. In Theorem 2 in [22] this question was solved for n = 30 and using
the bounds on f6(80) and f6(170) included in Table 3 the solution for the other two cases is now obvious.
Corollary 3. For every n ≥ 16 the girth of every extremal graph in the family EX(n; {C3, C4, C5, C6}) is 7.
Proof. According to the lower bounds included in the Table 3, the existence of a graph G in EX(80; {C3, C4, C5, C6}) with
girth at least 8 implies that f6(80) ≥ 162 > f7(80) = 160. The proof is similar when n = 170. 
4. Some lower bounds for fs(n)when s ∈ {7, 11}
We give a method to construct graphs of large size with girth g ∈ {8, 12}, which allow us to find lower bounds on the
function fs(n) for s ∈ {7, 11}. To do that we use the following result proved in [4].
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Table 3
Lower bounds on f6(n).
n 0 1 2 3 4 5 6 7 8 9
0 0 0 1 2 3 4 5 7 8 9
10 11 12 14 15 17 18 20 22 23 25
20 27 29 31 33 36 37 39 41 43 44
30 47 48 50 52 55 57 59 61 62 64
40 67 69 71 73 75 77 80 82 84 87
50 89 91 93 95 97 99 102 105 107 109
60 112 115 117 120 123 125 128 131 134 137
70 140 143 147 148 150 152 154 156 158 160
80 162 164 166 168 171 174 176 178 180 182
90 184 186 188 190 193 196 198 201 204 206
100 209 212 214 217 220 223 225 228 231 234
110 237 240 243 246 249 252 255 258 261 265
120 268 271 274 278 281 284 287 291 294 297
130 301 305 308 311 314 317 320 323 327 330
140 333 337 340 343 347 351 354 357 361 365
150 368 372 376 379 383 387 391 395 399 403
160 408 409 411 413 415 417 419 421 423 425
170 427 429 431 433 435 437 439 441 443 445
180 447 449 451 453 455 458 460 462 464 467
190 469 471 473 475 478 482 485 489 492 496
200 499 503 506 510 513 517 520 524 527 531
210 535 539 543 546 550 554 558 561 565 569
220 573 577 581 585 588 592 596 600 604 608
230 612 616 620 624 628 632 636 640 644 648
240 652 656 660 664 668 672 676 680 684 688
250 693 697 701 705 709 714 718 722 726 730
260 734 738 742 746 751 755 759 763 768 772
270 776 781 785 789 794 798 802 807 811 816
280 820 825 829 833 838 843 847 851 856 861
290 865 870 875 879 884 889 894 899 904 909
300 915
Proposition 2 ([4]). Let us assume that q is a prime power and g = 8 or that q is a prime power different from 5 and 7 and
g = 12. Minimal (q+ 1; g)-cages contain exactly q g4 + 1 vertices which are mutually at distance g2 .
We would like to point out that the set of vertices mutually at distance g2 in a minimal (q+ 1; g)-cage is not unique.
Proof of Theorem 3. From Proposition 2 it follows that Γ has a subset O = {u1, . . . , uq2+1} of q2 + 1 vertices which are
mutually at distance 4. SinceΓ is aminimal (q+1; 8)-cage, we can select an edge uq2+1y such that V (Γ ) = V (T 3uq2+1y)where
T 3uq2+1y is the subgraph ofΓ spanned by the vertices within distance 3 from {uq2+1, y}. Let Lj = {w ∈ V (T
3
uq2+1y
) : d(w, y) = j
and d(w, uq2+1) = j+ 1}, j = 1, 2, 3. Notice that L1 = N(y)− uq2+1 and |L2| = q2. Denote by a1, . . . , aq2 the vertices of L2
and observe that ui ∈ N(ai) ∩ L3 for i = 1, . . . , q2, because dΓ (ui, uj) = 4 if i 6= j. Suppose that a1, a2, . . . , aq ∈ L2 are q
neighbors of some vertex in L1 and take vi ∈ (N(ai)−ui)∩L3, i = 1, 2, . . . , q. Then dΓ (vi, vj) = 4 for all j 6= i, dΓ (vi, ui) = 2
and dΓ (vi, uq2+1) = 4 for all i = 1, 2, . . . , q.
Let S1, S2 be two vertex-disjoint stars of sizes q2 + 1 and q + 1 respectively, and let T be the tree on q2 + q + 3
vertices obtained by identifying one leaf of S1 with one leaf of S2. Let us denote by x1, . . . , xq2 the leaves of T corresponding
to the star S1, by y1, . . . , yq the leaves of T corresponding to the star S2 and by z the vertex of degree 2 in T . Now
we construct a new graph M(Γ , T ) obtained from the union of Γ and T and by adding the new set of edges M =
{x1u1, . . . , xq2uq2 , y1v1, . . . , yqvq, zuq2+1}. Clearly M(Γ , T ) has order |V (M(Γ , T ))| = n0(q + 1; 8) + q2 + q + 3 and size
|E(M(Γ , T ))| = |E(Γ )|+ |E(T )|+ q2+1+ q = f7(n0(q+1; 8))+2(q2+1+ q)+1 (see Fig. 3). Let us see thatM(Γ , T ) has
girth 8. Note that it is enough to compute the length of a cycle C inM(Γ , T ) containing at least two edges fromM . Suppose
that xiui and xjuj, i 6= j, are on C. As dΓ (ui, uj) = 4 and dT (xi, xj) = 2, then the length of C is 8. The same reasoning holds if
yivi and yjvj are onC. Suppose that xiui and ytvt are onC. As dΓ (ui, vt) ≥ 2 and dT (xi, yi) = 4, then the length ofC is at least
8. If zuq2+1 and xiui are on C, the length of C must be at least 8 because dT (z, xi) = 2 and dΓ (ui, uq2+1) = 4. And finally, if
zuq2+1 and yjvj are on C, the length of C must be at least 8 because dT (z, yj) = 2 and dΓ (vj, uq2+1) = 4. We conclude that
the girth of this new graphM(Γ , T ) is g = 8, and the result follows. 
Fig. 3 depicts the graph M(Γ , T ) obtained from a (3, 8)-cage and a tree T obtained from two stars, S1 of size 5 and S2 of
size 3, by identifying one leaf of S1 with one leaf of S2. The vertices with two labels a, b are adjacent to the vertices a and b.
In this way a graph on 39 vertices, 60 edges and girth 8 is obtained.
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Fig. 3. A graphM(Γ , T ) of girth 8 obtained from the (3, 8)-cage and a tree T ; |V (M(Γ , T ))| = 39, |E(M(Γ , T ))| = 60.
Now, starting from the new graphM(Γ , T ) obtained from aminimal (q+1; 8)-cage and a tree as indicated in Theorem 3,
we delete one by one a vertex of minimum degree, hence we obtain the following result.
Corollary 4. Let q ≥ 2 be a prime power and let v0 = 2 q4−1q−1 + q2 + q+ 3 and e0 = (q+ 1) q
4−1
q−1 + 2q2 + 2q+ 3 denote the
order and size of M(Γ , T ). Then
f7(v0 − h) ≥

e0 − 2h if 1 ≤ h ≤ q;
e0 − 2h+ 1 if q+ 1 ≤ h ≤ q2 + q+ 1;
(q+ 1)q
4 − 1
q− 1 + 1 if h = q
2 + q+ 2.
The previous inequalities are optimal in all the cases so far studied. Concretely, they provide the exact value of f7(n) for every
n ∈ {31, 32, . . . , 36} [1]. Moreover for n = 37, 38 the lower bounds on f7(n) given by Corollary 4 are the same as the ones
in [1,22], while the lower bound on f7(39) in [22] is improved by Corollary 4 which is the same value as given in [1].
Proof of Theorem 4. Using Proposition 2 and following the same ideas used in Theorem 3, a similar result can be obtained
for g = 12. In order to reach it, for any q an odd prime power different from5 and 7, let S1, S2 be two vertex-disjoint stars, one
of size q3+1 and the other of size q+1, and T1, T2 two trees obtained by subdividing once all the edges of the previous stars.
Let T be the tree on 2(q3+q+2)+1 vertices obtained by identifying one leaf of each Ti, i = 1, 2 to only one vertex, denoted
by z. Let Γ be a minimal (q+ 1; 12)-cage on n0(q+ 1; 12) vertices. Then there exists a matching joining z and the leaves of
T with q3 + q+ 1 vertices of Γ , such that a new graph, denoted byM(Γ , T ), with order n0(q+ 1; 12)+ 2(q3 + q+ 2)+ 1,
size f11(n0(q+ 1; 12))+ 3(q3 + q+ 1)+ 2 and girth 12 is obtained. Therefore, the result is valid. 
Removing recurrently from M(Γ , T ) a vertex of minimum degree we obtain graphs whose orders and sizes verify the
next inequalities.
Corollary 5. Let q be an odd prime power different from5 and7. Let v0 = 2 q6−1q−1 +2q3+2q+5 and e0 = (q+1) q
6−1
q−1 +3q3+3q+5
denote the order and size of M(Γ , T ). It follows that
f11(v0 − (2h− 1)) ≥

e0 − 3h+ 1 if 1 ≤ h ≤ q;
e0 − 3h+ 2 if q+ 1 ≤ h ≤ q3 + q+ 1;
(q+ 1)q
6 − 1
q− 1 + 2 if h = q
3 + q+ 2;
f11(v0 − 2h) ≥

e0 − 3h if 1 ≤ h ≤ q;
e0 − 3h+ 1 if q+ 1 ≤ h ≤ q3 + q+ 1;
(q+ 1)q
6 − 1
q− 1 + 1 if h = q
3 + q+ 2.
5. Upper bounds and asymptotic results
Let s and n ≥ s+1 be positive integers. To knowhowgood are the results obtained in the above sectionswe compute now
some upper bounds on fs(n) and we also extend the knowledge of asymptotic behavior of of fs(n)when s ∈ {5, 6, 7, 10, 11}.
If we denote by d¯ = 2ex(n;{C3,C4,...,Cs})n = 2fs(n)n , the bound (3) provided by Alon, Hoory and Linial can be written as
n ≥
{
1+ d¯+ d¯(d¯− 1)+ · · · + d¯(d¯− 1)(s−2)/2 if s is even;
2(1+ (d¯− 1)+ · · · + (d¯− 1)(s−1)/2) if s is odd. (4)
In particular, when s = 4 it coincides exactly with the well-known inequality f4(n) ≤ n
√
n−1
2 (see page 31 in the book by
Lint and Wilson [23]). Also from the inequality (4), the corresponding bound for s ∈ {5, 6} can be deduced explicitly.
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Corollary 6. For n ≥ 7 the following upper bounds hold:
(i) f5(n) ≤ n4 (1+
√
2n− 3);
(ii) f6(n) ≤ 112
(
c − 8c + 2
)
n, where
c =
(
−136+ 108n+ 12
√
132− 204n+ 81n2
)1/3
.
For s ≥ 7 the implicit bound provided by the inequality (4) represents the best upper bound on the extremal function
fs(n) so far known.
Proof of Theorem 5. Let s and n ≥ s+ 1 be positive integers. From the inequality (4) it follows that
n ≥
{
(d¯− 1)s/2 if s is even;
2(d¯− 1)(s−1)/2 if s is odd,
or equivalently,
fs(n) ≤

1
2
(
n1+
2
s + n
)
if s is even;(n
2
)1+ 2s−1 + n
2
if s is odd.
From this bound a general asymptotic result can be obtained
lim sup
n→∞
fs(n)
n1+
1
bs/2c
≤

1
2
if s is even;
1
2
s+1
s−1
if s is odd.
(5)
Further, from Corollary 1 and the existence of minimal (q+ 1, s+ 1)-cages whenever s ∈ {5, 7, 11} and q is a prime power,
it can be established that
fs
(
2
(
1+ q+ · · · + q s−12
))
= (q+ 1)
(
1+ q+ · · · + q s−12
)
.
Therefore,
lim
q→∞
fs
(
2
(
1+ q+ · · · + q s−12
))
(
2
(
1+ q+ · · · + q s−12
)) s+1
s−1
= 1
2
s+1
s−1
.
This equality can be better expressed as
lim sup
n→∞
fs(n)
n
s+1
s−1
≥ 1
2
s+1
s−1
, for s ∈ {5, 7, 11}.
Simply taking into account that fs(n) ≥ fs−1(n)we also obtain that
lim sup
n→∞
fs(n)
n
s+2
s
≥ 1
2
s+2
s
for s ∈ {4, 6, 10}.
These two last inequalities together with (5) prove the desired result. 
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